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ABSTRACT 

We further develop the reduced action formalism of the SU(2)-Higgs 
model originally given by Aoyama et.al.. Our new ansatz for the sphaleron 
solution makes it possible to apply this formalism to all range of the Higgs self 
coupling constant. Based on the formalism, we construct a bounce solution 
oscillating around the sphaleron. 
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The standard model of electroweak interactions contains the baryon num- 
ber violation due to the anomaly [1,2]. Actually the evaluation of the anoma- 
lies in this theory shows that the change of the baryon number is proportional 
to the Pontryagin number, which is the topological number for the SU(2) 
gauge field. Therefore, the baryon number may be changed by the non-trivial 
topological configuration of the SU(2) gauge field. 

The pure SU(2) gauge theory has the non-trivial topological solution 
which is called instanton [3]. Since the action of the instanton is 87T 2 /g 2 ~ 190 
with the SU(2) gauge coupling constant g ~ 0.65, the baryon number violating 
quantum transition by the instanton is suppressed by a factor exp(— 190) and 
is certainly unimportant. 

However, at finite temperature, there may arise the thermally enhanced 
transition rather than the quantum tunneling [9]. The SU(2)-Higgs model, 
which is the relevant part of the standard model at T < T c , has the static 
unstable finite energy configuration, which is called the sphaleron [7,8]. The 
sphaleron has the Chern-Simons number 1/2 and the energy 4itvE/g, where 
v is the vacuum expectation value of the Higgs field. Numerical estimates 
give E 2.21 ~ 3.85 for a wide range of the Higgs self coupling constant 
A ~ ~ oo. Since v must vanish at T c , the thermal transition probability for 
the sphaleron seems to be order unity near T c . 

The perturbation theories [4,5,6] around the sphaleron actually shows 
that the baryon number violation rate per unit volume is large [10]. An 
application to the early universe leads to the embarrassing result that the 
thermal transition for the sphaleron wipes out the net baryon number even if 
it was generated in the grand unification epoch. So we may need to go into 
more detail to resolve the inconsistency problem between the theory and the 
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observations that the baryon number density per the photon number density 
is of the order of 10 -10 . For example, the effect of thermal nonequilibrium 
has been discussed in ref.[13]. 

To understand the baryon number violation process in such cosmological 
setting, it may be useful to construct a formalism by which we can obtain 
closed expressions of various physical quantities. The method of reduced 
quantum mechanical action proposed by Aoyama, Goldberg, and Ryzak [11] 
appears to be a good candidate for such formalism. 

In this paper, we futher develop the reduced action formalism so that 
it is applicable for all range of the Higgs self coupling constant. Based on 
this formalism, we construct a bounce solution which is a periodic solution at 
finite temperature, and interpolates between the sphaleron and instanton-like 
configulation. 

We will see the behaviour of the bounce solution for all range of Higgs 
self coupling constant. 

First, we consider the SU(2)-Higgs model. It may serve as an effective 
field theory to investigate the baryon number violation in the standard elec- 
troweak gauge theory. SU(2)-Higgs model is given by 



where A^ are the SU(2) gauge fields, $ is the SU(2) doublet Higgs field, 
g ps 0.65 is the SU(2) gauge coupling constant, A is the Higgs self coupling 




(1) 



D^=(d^ + A^, 



(2) 
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constant, and v is the vacuum expectation value of the Higgs field, v depends 
on the temperature T as 



v = "Cr) = t/(o)t/i-p, (3) 

where v(0) « 175GeV, and 

2v(0) 
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is the electroweak transition temperature, v vanishes at and above the elec- 
troweak transition temperature as can be seen in (3). 

It is well known that the sphaleron solution [7,8] exists in this theory, and 
has the following properties; it is a static, finite-energy but unstable solution 
which has the Chern-Simons number 1/2. The solution can be written in 
polar coodinate as 

A = 0, Ai = -fdiUU' 1 , 



<S> = hU 



jj _ ( cos 9 sin6*exp(i</?) \ , . 

\ — sin 6>exp cos6> y' 

where / and h are functions of r which are to be determined by numerical 
analysis. Since the energy of the sphaleron is estimated as 

„ 4irv - 
E = E, 
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E ~ 2.21 ~ 3.85 (for A = ~ oo), (6) 

the baryon number violating transition seems to be unsuppressed near the 
electroweak transition temperature. 



Following Manton [7] , we construct the noncontractible loop of field con- 
figurations passing through the sphaleron as 

A = 0, A i = -fd i UU~ 1 , 

jj _ ( exp(z / u)(cos / u — % sin fx cos 9) sin//sin# exp(z<£) 

y — sin ji sin 9 exp (—if) exp(— ifj,) (cos fi + i sin fi cos 9) 

$ = v ( hsinfisin9exp(if) \ _ 
\ v exp(— i /j,) (cos /j, + ih sin fi cos 9) J ' 

where fi is a constant parametrizing the loop. At fi = n/2, (7) gives the 

sphaleron and it reduces to the vacua at fi = and n. Let us assume that 

the lowest partial wave of the SU(2)-Higgs model is relevant for the baryon 

number violation. Then we can use an effective two dimensional (t and r) 

formulation, that is, 

ae\ + (1 • ■ a x re\ 



Ao = ao——, Ai = 



2ir ' 2ir 



*=(7 + «— )f? ), (8) 



r 



where 



(TjX^X'i 2 t &jX @% 3 &jX X^ /f\\ 

^2 ' e i =l ~ > e i = ^2 • 

a M are two dimensional vector fields, % = a + i(3 and = 7 + id are the 
complex scalar fields on the two dimensional space-time. The action of the 
SU(2)-Higgs model then reduces to 

dtdr Attt 2 - 



4(i( £ -W + ^l^xl 2 + ^(lxl 2 -D 2 ) 



i (11) 

D^cj) = (dp - -a^)(j). 

The noncontractible loop (7) can be rewritten in the two dimensional formu- 
lation as 

ao = 0, ai = — {2 ijl — 7t~)d r h, 

X = -zexp(-z(2^ - Tr)hj (exp(2i/j,) - + 1^, ( 12 ) 

4> = exp (^— — (2 fx — 7r) /i j (cos fx + ih sin ju) , 

where we have used the global SU(2) symmetry and the custodial symmetry 
of the SU(2)-Higgs model in reducing the system into the two-dimensional 
formulation. We have also used the U(l) symmetry in the two-dimensional 
action (10) to eliminate the fx dependence in the asymptotic region (r — > oo). 

Now we regard the system as quantum mechanical one by elevating the 
parameter fx to the time- dependent dynamical variable. For the sake of ana- 
lytical estimates, we employ the functions / and h of the following forms; 

/=(l-ex P (-^ ) ) 2 , 

(13) 

h = l- exp(-(2v / 27 + 1)— Y 

where / = X/g 2 . We have introduced the variational parameter a to be de- 
termined by minimizing the action. This form is different from that given by 
Aoyama et.al.[ll]. The essential difference between our ansatz (13) and the 
Aoyama et.al.'s exists in that ours uses the sphaleron as the boundary condi- 
tion whereas the Aoyama et.al.'s is motivated by and is close to the instanton 
solution. 

Our ansatz also differs from that given by Funakubo et.al.[14]. The dif- 
ference exists in that ours has A dependence which the sphaleron must have, 
while Funakubo et.al.'s does not have. 



As a result of these feature, our ansatz can be applicable for any A. 
Substituting (12) with (13) to the action (10), we obtain the reduced 
action as 

4nv [t ,/M.da. 9 \ A , 

s - = — I *(t<# +v ) (14) 

at finite temperature T, where 

M= —!—r(A + B sin 2 fi), 

M 2 (15) 

V = C sin 2 n + D sin 4 //. 
The parameters A, B, C, and D are given as follows: 

22a 16a 16a 5a 
A = — — I — H — + 



3 3 + 2^21 -1-V21 1 + 2^21' 

128a 64a 32a 
B = = + = + 



-5-4V2I -3-4V2I -5-2V2I 
144a 64a 72a 635a 3 

+ F= + F= + F= + 



-3-2V2I 2 + V21 1 + V21 432(1 + 2V2I) 3 ' 

„ 4 11a 4a 4a 5a 
C = — + — + = + = + 



3a 6 3 + 2^ -I-V2I 4(1 + v^/)' 

„ 8fc 8a 4a 19a 
-D = h — + — + 



a -5-4v^/ -5-2^ -3-2^ 
8a 6a a 635a 3 / 

+ F= + F= + F= + 



(16) 



2 + V21 1 + V21 -1-2V21 864(1 + v 7 ^) 3 ' 
where 

k = 516 In 2 + 96 In 3 - 220 In 5 - 56 In 7 « 0.0834. (17) 

The quantity arises from the subtle space integration of the self coupling 
term of x i n (10)- The classical solution corresponding to the sphaleron is 
|U = 7r/2 with the action 

47™ iL 



where 



Ssp = ^^, (18) 



E sp = C + D = — + Ya + Za s (19) 



with 



X = ^+8k, 

„ 11 8 4 15 
Y = — + = + = + 



Z = 



6 -5-4V21 -5-2V21 -3-2V21 

8 1 13 (20) 

+ 2 + V21 + -1 - 2^ + 4(1 + V21) ' 
635/ 



864(1 + 2 v / 2/) 3 ' 
From (19), E'sp takes the minimum with 



a 



-Y + VY 2 + 12XZ 
6Z 



/ 5(iTW ,, 2 ./2(iTW (21) 



41 V 11 

1.71-1.04 (for / = 0~oo), 



and the minimum value of -E sp is given as 



w 2.34 ~ 3.83 (for / = ~ 00). 

This reproduces well the energy of the sphaleron even when A — > 00. This 
feature is in sharp contrast with those of Aoyama et.al.'s and Funakubo et.al.'s 
cases. 

Next, we investigate the bounce solution. For the sake of analytical 
estimate, we approximate M and V in the action as 

M^-^iA + B), 

M 2 (23) 

V -> (C + D) sin 2 /I. 

In fact, the approximation is a rather good one; if we do not use this approx- 
imation strictly keeping (15), the result is different only by 6 ~ 17% as will 



be shown later. Under this approximation, the action reduces to that of a 
pendulum and the classical periodic solution exists: 



H = arccos(-/vSn(y ^+ g\ vt l ( 24 ) 

where k is the modulus which takes value from to 1. This solution may be 
called as bounce solution because this solution represents the motion swinging 
around the sphaleron in the one dimensional space. In order that this solution 
has the period 1/T, the following equation must be satisfied: 



A + B T 

where K{k) is the elliptic integral of the first kind given by 

r 1 i 

K(k) = / dx ; (26) 
Jo v/(l-x 2 )(l- K 2 X 2 ) 

which varies from n/2 to oo as k increases from to 1. Notice that the 

equation (22) relates the modulus k and the temperature T. The action of 

the bounce solution becomes 



S . = y +B f ^ ifow-d-^w), (27) 

where E(k) is the elliptic integral of the second kind given as 



f 1 ll — K 2 X 2 
E(k) = ^ dx^j i _ x2 , (28) 



which varies from tx/2 to 1 as k increases from to 1. Now we consider two 
extreme cases of the bounce solution. When k = 0, the temperature and the 
action take the form 



T _gv /2(C + D) 



2ttV A + B ' 
n 2 l(A + B)(C + D) _ 4nv E sp 



g 2 V 2 
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The bounce solution reduces to the sphaleron at k = 0. Similarly, when k = 1, 
they become 

T = 0, 

e 16tt 2 (30) 

C»l = n - ^, 



where 



a = -v/2(I+Bj(C + D). (31) 

7T 



Since cr takes minimum at a = 0, the minimum value is given as 
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a min = — ^26(1 + 6*;) ~ —^11(1 + 6^) 

D7T 07T 



(32) 



= 1.33 ~ 1.73 (for I = ~ oo). 
We call the bounce solution at k = 1 as instanton-like solution. Its action has 
an expression similar to the instanton in the pure SU(2) gauge theory. If we 
work with (15) without the approximation (23), we obtain 1.11 ~ 1.62 

for / = ~ oo. Then the solution is even closer to the instanton. 

Therefore, we recognize that the bounce solution interpolates between the 
sphaleron and the instanton-like solution as shown in Fig.l ~ 3. Fig. 1,2 and 
3 show the cases of /=0.1,1 and oo, respectively. It should be noticed that 
the sphaleron dominant phase may directry change to the instanton domi- 
nant phase since the action of the bounce solution is larger than that of the 
sphaleron, or the instanton-like at any temperature and at any A. This is 
in contrast to the case of 0(3) non-liner sigma model [12]. The instanton- 
like solution transits to the sphaleron at the temperature where the action 
of the instanton-like and that of the sphaleron is equal. The temperature 
correponding to this transition is given by 

2v(0) 



/ 3 .9 2 ■ 647rV^ 



(33) 



mm 
min\ 2 
-sp 
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Naturally this is lower than the electroweak transition temperature T c in the 
all range of A. The baryon number violating transition by the sphaleron occurs 
in the temperature range T < T < T c . 

We have provided a bounce solution interpolating between instanton- 
dominated and sphaleron-dominated processes for all range of A. 

It seems to be important applying this new bounce solution to the former 
calculations which employ the bounce solutions (for example, [14]) since this 
new one is applicable for all range of A. 
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